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GENERALIZED TORSION AND DECOMPOSITION OF
3–MANIFOLDS
TETSUYA ITO, KIMIHIKO MOTEGI, AND MASAKAZU TERAGAITO
Abstract. A nontrivial element in a group is a generalized torsion element
if some nonempty finite product of its conjugates is the identity. We prove
that any generalized torsion element in a free product of torsion-free groups is
conjugate to a generalized torsion element in some factor group. This implies
that the fundamental group of a compact orientable 3–manifold M has a gen-
eralized torsion element if and only if the fundamental group of some prime
factor of M has a generalized torsion element. On the other hand, we demon-
strate that there are infinitely many toroidal 3–manifolds whose fundamental
group has a generalized torsion element, while the fundamental group of each
decomposing piece has no such elements.
1. Introduction
A nontrivial element in a group G is a generalized torsion element if some
nonempty finite product of its conjugates is the identity. As a natural general-
ization of the order of torsion element, the order of a generalized torsion element g
is defined as
min{k ≥ 1 | ∃x1, . . . , xk ∈ G s.t. (x1gx
−1
1 )(x2gx
−1
2 ) · · · (xkgx
−1
k ) = 1}.
In the literature [2, 15, 19, 20], a group without generalized torsion element is called
an R∗–group or a Γ–torsion-free group.
A group G is bi-orderable if G admits a total ordering < which is invariant under
the multiplication from both left and right sides. That is, if g < h, then agb < ahb
for any g, h, a, b ∈ G. Such a ordering is called a bi-ordering on G. In this paper,
the trivial group {1} is considered to be bi-orderable.
A generalized torsion element plays as a fundamental obstruction for a group
to be bi-orderable, since a bi-orderable group has no generalized torsion element.
Although the converse does not hold in general [20, Chapter 4], the converse is
known to be true for some classes of groups. In [18] the second and the third
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authors demonstrate that the converse is true for the fundamental group of any
non-hyperbolic geometric 3–manifold, and propose the following conjecture.
Conjecture 1.1 ([18]). Let G be the fundamental group of a 3–manifold. Then,
G is bi-orderable if and only if G has no generalized torsion element.
Recall that every compact orientable 3–manifold M decomposes uniquely as a
connected sum M = M1♯M2♯ · · · ♯Mn of 3–manifolds Mi which are prime in the
sense that they can be decomposed as connected sums only in the trivial way
Mi = Mi♯S
3 [14, 16]. Note that an orientable, prime 3–manifold is irreducible ex-
cept for S2×S1. Beyond the prime decomposition, we have a further canonical de-
composition of irreducible compact orientable 3–manifolds, decomposing along tori
rather than 2–spheres. Precisely, for a compact irreducible orientable 3–manifold
M there exists a collection T = {T1, . . . , Tk} of disjoint incompressible tori in M
such that each component of M − intN(∪Ti) is either atoroidal or a Seifert fiber
space, and a minimal such collection T is unique up to isotopy [11, 12]; see also
[7]. Thurston’s uniformization theorem [22, 17], together with the Torus Theorem
[11, 12], shows that an atoroidal piece which is not a Seifert fiber space admits a
complete hyperbolic structure of finite volume.
In group theoretic language, the prime decomposition corresponds to a decom-
position by a free product, and the torus decomposition corresponds to a graph
of groups with each edge group is isomorphic to Z ⊕ Z, which generalizes a free
product with amalgamation. Let M be a compact orientable 3–manifold. A gener-
alized torsion element in the fundamental group of a prime factor or a decomposing
piece (with respect to the torus decomposition) ofM becomes a generalized torsion
element of π1(M).
It is plausible to address the converse.
Question 1.2. If π1(M) has a generalized torsion element g, then does it arise from
the fundamental group of a prime factor or a decomposing piece? More precisely,
is g conjugate to a generalized torsion element in the fundamental group of a prime
factor or a decomposing piece?
The aim of this article is to answer this question in the positive for prime de-
compositions, while in the negative for torus decompositions.
Theorem 1.3. Let M be a compact, orientable 3–manifold with the prime decom-
position M =M1♯M2♯ · · · ♯Mn.
(1) π1(M) has a generalized torsion element if and only if π1(Mi) has a gen-
eralized torsion element for some i = 1, . . . , n.
(2) If π1(Mi) is torsion-free for all 1 ≤ i ≤ n, then any generalized torsion
element in π1(M) is conjugate to a generalized torsion element in π1(Mi)
for some i.
It should be remarked that in the second assertion of Theorem 1.3 we need the
extra assumption on absence of torsion elements in π1(Mi).
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Remark 1.4. Let M1 = L(p, 1) and M2 = L(q, 1) be lens spaces (p, q > 1). Then
π1(M1) = 〈a | a
p = 1〉, π1(M2) = 〈b | b
q = 1〉 and π1(M1♯M2) = 〈a, b | a
p = bq =
1〉 ∼= Zp ∗ Zq. For an element ab, we have
(ab)
(
bq−1(ab)b1−q
)(
bq−2(ab)b2−q
)
· · ·
(
b(ab)b−1
)
= aq.
In the abelianization π1(M1♯M2)/[π1(M1♯M2), π1(M1♯M2)] ∼= Zp ⊕ Zq, ab is of
order lcm(p, q), the least common multiple of p and q. Therefore ab is a generalized
torsion element of order of lcm(p, q). However, ab is not conjugate into π1(Mi) for
i = 1, 2.
Theorem 1.3 immediately follows from a more general, purely algebraic result
below, which solves the open problem due to V.M. Kopytov and N.Ya. Medvedev
[13, Problem 16.49] affirmatively.
Theorem 1.5. Let G = G1 ∗ · · · ∗ Gn be the free product of torsion-free groups.
Suppose that g ∈ G is a generalized torsion element. Then there is a generalized
torsion element gi ∈ Gi which is conjugate to g for some i = 1, . . . , n. Hence, G
has a generalized torsion element if and only if Gi has a generalized torsion element
for some i.
Let us turn to torus decompositions. The situation is quite different from prime
decompositions. Actually we have:
Theorem 1.6. For arbitrary n > 1, there exists an infinite family of 3–manifolds
M such that:
• M has a torus decomposition M =M1∪M2∪· · ·∪Mn with n decomposing
pieces.
• None of π1(Mi) (1 ≤ i ≤ n) has a generalized torsion element.
• π1(M) has a generalized torsion element.
Theorem 1.6 says that there is a “global” generalized torsion element with respect
to torus decompositions.
The paper is organized as follows. In Section 2 we focus on prime decompo-
sitions and prove Theorem 1.5. A key ingredient is a stable commutator length
(scl) and we give an upper bound for the stable commutator length of generalized
torsion elements (Lemma 2.4) in Subsection 2.2. Section 3 is devoted to a proof of
Theorem 1.6.
2. Generalized torsion and free product
In this section we prove Theorem 1.5. Our main tool is the stable commutator
length (scl, in short). For basics of scl we refer to [4]. Throughout the section, G
denotes a group.
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2.1. Basic facts on stable commutator length. For g ∈ [G,G] the commutator
length cl(g) is the smallest number of commutators in G whose product is equal to
g. The stable commutator length scl(g) of g ∈ [G,G] is defined to be the limit
(2.1) scl(g) = lim
n→∞
cl(gn)
n
.
Since cl(gn) is non-negative and subadditive, Fekete’s subadditivity lemma shows
that this limit exists.
We will extend (2.1) to the stable commutator length scl(g) for an element g
which is not necessarily in [G,G] as
(2.2) scl(g) =
{
scl(gk)
k
if gk ∈ [G,G] for some k > 0,
∞ otherwise.
By definition (2.1), it is easily observe that if gk, gℓ ∈ [G,G], then
scl(gk)
k
=
scl(gℓ)
ℓ
for any k, ℓ > 0. So in (2.2) scl(g) is independent of the choice of k > 0
such that gk ∈ [G,G]. In particular, for later use we note the following.
Lemma 2.1. For any g ∈ G and k > 0, we have scl(gk) = k scl(g).
Proof. If gℓ 6∈ [G,G] for all ℓ > 0, then scl(g) = scl(gℓ) =∞. We assume gℓ ∈ [G,G]
for some ℓ > 0. Then gℓk ∈ [G,G], and scl(g) =
scl(gℓ)
ℓ
=
scl(gℓk)
ℓk
=
1
k
scl((gk)ℓ)
ℓ
=
scl(gk)
k
. Thus we have scl(gk) = k scl(g). 
When we need to specify the underlying group G, we write sclG(g) instead of
scl(g).
A map φ : G→ R is a quasimorphism if
D(φ) = sup
g,h∈G
|φ(gh)− φ(g)− φ(h)|
is finite. The value D(φ) is called the defect of φ. Furthermore if φ(gn) = nφ(g)
holds for all g ∈ G and n ∈ Z, then we say that φ is homogeneous. In particular,
a homogeneous quasimorphism is antisymmetric, i.e. it satisfies φ(g−1) = −φ(g).
Note that a homogeneous quasimorphism φ is a class function, i.e. φ(g) = φ(h−1gh)
for every g, h ∈ G; see [4, 2.2.3].
Theorem 2.2 (Bavard’s duality theorem [1]). For g ∈ [G,G] we have
scl(g) = sup
φ
|φ(g)|
2D(φ)
,
where φ runs all the homogenous quasimorphisms on G which are not homomor-
phisms.
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Example 2.3 (p.19 in [4]). For any homogeneous quasimorphism φ,
|φ([a, b])| = |φ(a−1b−1ab)|
= |φ(a−1b−1ab)− φ(a−1b−1a)− φ(b) + φ(a−1b−1a) + φ(b)|
= |φ(a−1b−1ab)− φ(a−1b−1a)− φ(b) + φ(a−1b−1a)− φ(b−1)|
≤ |φ(a−1b−1ab)− φ(a−1b−1a)− φ(b)|+ |φ(a−1b−1a)− φ(b−1)|
= |φ(a−1b−1ab)− φ(a−1b−1a)− φ(b)|
≤ D(φ).
Hence scl([a, b]) ≤ 12 .
2.2. Stable commutator length and generalized torsion elements. Obvi-
ously a torsion element g has scl(g) = 0. For a generalized torsion element we have
the following.
Theorem 2.4. If g ∈ G is a generalized torsion element of order k, then scl(g) ≤
k−2
2k <
1
2 .
Proof of Theorem 2.4. Since g is a generalized torsion of order k, there exist x1, . . . , xk ∈
G such that
(x1gx
−1
1 )(x2gx
−1
2 )(x3gx
−1
3 ) · · · (xkgx
−1
k ) = 1,
and hence gk = 1 in G/[G,G] and gk ∈ [G,G]. By taking conjugate by x−11 and
putting yi = x
−1
1 xi, we have
g−1 = (y2gy
−1
2 )(y3gy
−1
3 ) · · · (ykgy
−1
k ).
We estimate scl(gk) by using Bavard’s duality.
Let φ be a homogeneous quasimorphism which is not a homomorphism. We put
A2 = φ((y2gy
−1
2 ) · · · (ykgy
−1
k ))− φ(y2gy
−1
2 )− φ((y3gy
−1
3 ) · · · (ykgy
−1
k )),
A3 = φ((y3gy
−1
3 ) · · · (ykgy
−1
k ))− φ(y3gy
−1
3 )− φ((y4gy
−1
4 ) · · · (ykgy
−1
k )),
...
Ak−1 = φ((yk−1gy
−1
k−1)(ykgy
−1
k ))− φ(yk−1gy
−1
k−1)− φ(ykgy
−1
k ).
Then |Ai| ≤ D(φ), and
A2 +A3 + · · ·+Ak−1 = φ((y2gy
−1
2 ) · · · (ykgy
−1
k ))−
k∑
i=2
φ(yigy
−1
i ).
Since φ(yigy
−1
i ) = φ(g), we conclude that
|φ((y2gy
−1
2 )(y3gy
−1
3 ) · · · (ykgy
−1
k ))− (k − 1)φ(g)| ≤ (k − 2)D(φ).
On the other hand,
φ((y2gy
−1
2 )(y3gy
−1
3 ) · · · (ykgy
−1
k )) = φ(g
−1) = −φ(g),
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so we get
|φ(gk)| = k|φ(g)| ≤ (k − 2)D(φ) ⇐⇒
|φ(gk)|
2D(φ)
≤
k − 2
2
for every homogeneous quasimorphism φ. By Bavard’s duality this shows that
scl(gk) ≤ k−22 . Since scl(g
k) = k scl(g) (Lemma 2.1), we obtain the desired inequal-
ity scl(g) ≤ k−22k <
1
2 . 
2.3. Proof of Theorem 1.5. Let us recall the following result of Chen [5]; origi-
nally Theorem A in [5] requires a stronger condition “g ∈ [G,G]”, but as the author
remarked we can weaken this condition to “gn ∈ [G,G] for some n ≥ 1”. Since
sclG(g) = ∞ when g
n 6∈ [G,G] for any n > 0, we state the result in the following
form.
Theorem 2.5. [5, Theorem A] Let G = G1 ∗ · · ·∗Gn be the free product of torsion-
free groups Gi. If g ∈ G is not conjugate into Gi for any i (1 ≤ i ≤ n), then
sclG(g) ≥
1
2 .
Proof of Theorem 1.5. Let g be a generalized torsion element in G (of order k).
Since g is a generalized torsion of order k, there exist x1, . . . , xk ∈ G such that
(2.3) (x1gx
−1
1 )(x2gx
−1
2 )(x3gx
−1
3 ) · · · (xkgx
−1
k ) = 1,
and hence gk = 1 in G/[G,G] and gk ∈ [G,G]. Assume for a contradiction that g is
not conjugate into Gi for any i (1 ≤ i ≤ n). Then Theorem 2.5 shows that scl(g) ≥
1
2 . On the other hand, Theorem 2.4 asserts that g <
1
2 . This is a contradiction.
Hence, g is conjugate into Gi for some i (1 ≤ i ≤ n). Without loss of generality we
many assume ygy−1 = g1 ∈ G1 for some y ∈ G. In the remaining we show that g1
is a generalized torsion element of order k in π1(M1). Following (2.3), we have
1 = y(x1gx
−1
1 )(x2gx
−1
2 )(x3gx
−1
3 ) · · · (xkgx
−1
k )y
−1
= (yx1y
−1)(ygy−1)(yx−11 y
−1) · · · (yxky
−1)(ygy−1)(yx−1k y
−1)
= (yx1y
−1)g1(yx1y
−1)−1 · · · (yxky
−1)g1(yxky
−1)−1.
Using the natural projection p : G1 ∗ · · · ∗Gn → G1, this gives
G1 ∋ 1 = p((yx1y
−1)g1(yx1y
−1)−1 · · · (yxky
−1)g1(yxky
−1)−1)
= (y1x1,1y
−1
1 )g1(y1x1,1y
−1
1 )
−1 · · · (y1x1,ky
−1)g1(yx1,ky
−1)−1,
where y1 = p(y) ∈ G1 and x1,j = p(xj) ∈ G1 (j = 1, . . . , k).
Hence we have
(y1x1,1y
−1
1 )g1(y1x1,1y
−1
1 )
−1 · · · (y1x1,ky
−1)g1(yx1,ky
−1)−1 = 1.
This shows that g1 is a generalized torsion element of order at most k in G1. If g1
has order less than k, then g = y−1g1y has also order less than k, a contradiction.
So g1 is a generalized torsion element of order k.
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Since a torsion element is obviously a generalized torsion element, and a general-
ized torsion element in Gi is also a generalized torsion element in G = G1 ∗ · · ·∗Gn,
the last assertion immediately follows. 
3. Torus decompositions and generalized torsion elements
In Section 1.3 we saw that a generalized torsion nicely behaves under prime
decomposition. In this section we prove Theorem 1.6, which illustrates that the
behavior of generalized torsion under torus decomposition is completely different.
3.1. Creation of generalized torsion elements via Dehn fillings. We intro-
duce a useful way to create a generalized torsion element in a 3–manifold group.
To explain our construction, we prepare some notions. A singular spanning disk of
a knot K in S3 is a smooth map Φ : D2 → S3 (or, its image) such that Φ(∂D) = K
and that K intersects Φ(intD) transversely in finitely many points. Each intersec-
tion point Φ(intD∩K) has a sign according to the orientations. We say that Φ(D)
a (p, q)–singular spanning disk if K intersects Φ(intD) positively in p points and
negatively in q points.
Such a disk appeared in early 3-dimensional topology – Dehn’s lemma [21, 8]
says that K has a (0, 0)–singular spanning disk if and only if K is the trivial knot.
More generally, K has a (p, q)–singular spanning disk with 0 ≤ p, q ≤ 1 if and only
if K is still the trivial knot [9].
Let us recall the following theorem in [10], which shows that a singular spanning
disk can be used to create a generalized torsion.
Theorem 3.1 ([10]). Let K be a knot in S3. If K has a (p, 0)–singular spanning
disk, then the image of a meridian µ of K in π1(K(
m
n
)) is a generalized torsion
element of order m whenever m
n
≥ p. Similarly, if K has a (0, q)–singular spanning
disk, then the image of a meridian µ in π1(K(
m
n
)) is a generalized torsion element
of order m whenever m
n
≤ −q.
A typical and fundamental example of (p, 0)– or (0, q)–singular spanning disk is
a clasp disk having the same sign of clasps, which we call a coherent clasp disk.
3.2. Construction of toroidal 3–manifolds with only global generalized
torsion elements.
Proof of Theorem 1.6. We take a connected sumK = Kp1♯Kp2♯ · · · ♯Kpn of positive
twist knots Kpi with pi > 0 for i = 1, . . . , n (Figure 3.1).
Then E(K) has the torus decomposition E(K) = E(Kp1) ∪ E(Kp2) ∪ · · · ∪
E(Kpn)∪X , where X is the n–fold composing space, i.e. [disk with n–holes]×S
1.
Note that ∂X = ∂E(K)∪∂E(K1)∪ · · · ∪∂E(Kn) and K(m) = E(Kp1)∪E(Kp2)∪
· · · ∪ E(Kpn) ∪X(m), where X(m) is the 3–manifold obtained by gluing S
1 ×D2
so that {∗}×D2 is identified a simple closed curve on ∂E(K) ⊂ ∂X with slope m.
8 T.ITO, K. MOTEGI, AND M. TERAGAITO
p  - full twist
n
p  - full twist
1
p  - full twist
2
K    # K     #      # Kp           p                       p
1               2                              n
Figure 3.1. Kp1♯Kp2♯ · · · ♯Kpn bounds (2n, 0)– singular spanning
disk with n positive clasps
Since the regular fiber of ∂X is a meridian of K, the dual knot K∗ of K becomes a
regular fiber in X(m) for any integer m. This means that X(m) is the (n− 1)–fold
composing space. Thus K(m) = E(Kp1) ∪ E(Kp2) ∪ · · · ∪ E(Kpn) ∪ X(m) gives
the torus decomposition of K(m) with (n + 1)–decomposing pieces; when n = 2,
then X(m) is homeomorphic to S1 × S1 × [0, 1] and hence K(m) = E(Kp1) ∪
E(Kp2), which has two decomposing pieces. We denote K(m) by Mp1,...,pn,m and,
for simplicity, we assume m > 0 in the following.
Claim 3.2. For each decomposing piece E(Kpi) and X(m), their fundamental
group have no generalized torsion.
Proof. Since pi > 0, [6] shows that π1(E(Kpi)) is bi-orderable, and thus it has no
generalized torsion element. Recall that X(m) is a composing space which is a
locally trivial circle bundle over a punctured disk, referring [3, Theorem 1.5] we see
that X(m) is also bi-orderable, and hence its fundamental group does not have a
generalized torsion element. 
Claim 3.3. π1(M) has a generalized torsion element.
Proof. Observe that K = Kp1♯Kp2♯ · · · ♯Kpn bounds a coherent (2n, 0)–singular
disk (with n positive clasp singularities); see Figure 3.1. Then Theorem 3.1 shows
that the image of a meridian of K in π1(K(m)) is a generalized torsion element for
m ≥ 2n. 
Claim 3.4. Mp1,...,pn,m is homeomorphic toMq1,...,qn′ ,m′ if and only if (p1, . . . , pn) =
(q1, . . . , qn′) up to permutation and m = m
′.
Proof. The “if” part is obvious, so we prove the “only if” part. Since H1(K(m)) ∼=
Zm, the second condition is immediate. The classification of twist knots using
Alexander polynomials shows that E(Kp) is homeomorphic to E(Kq) only when p =
q. Hence, the first condition follows from the uniqueness of the torus decomposition.

The infinite family {Mp1,...,pn,m} gives a desired family. 
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Remark 3.5.
(1) In the above construction, when n > 2, the fundamental group π1(K(m))
is described by a “graph of groups” with vertex groups π1(E(Kpi)), π1(X(m))
and edge groups π1(Ti) ∼= Z ⊕ Z with Ti = ∂E(Kpi) rather than a usual
free product with amalgamation. See Figure 3.2. Actually a free product
with amalgamation corresponds to a graph of groups on a graph with two
vertices and one edge.
π1(E(K   ))p1
π1(E(K   ))p2 π1(E(K   ))pn
π1(X(m))
Figure 3.2. π1(K(m)) is expressed as a graph of groups.
(2) The generalized torsion element g in π1(K(m)) is the image of the merid-
ian of K = Kp1♯Kp2♯ · · · ♯Kpn , so it is contained in π1(X(m)). How-
ever, as shown in Claim 3.2, g cannot be a generalized torsion element in
π1(X(m)).
(3) As we mentioned, the meridian of E(K) is a regular fiber of X and freely
homotopic to a meridian of E(Kpi) for each i = 1, . . . , n. Therefore
after Dehn filling, the generalized torsion element g is conjugate to gi
in π1(E(Kpi)) for each i. However, gi cannot be a generalized torsion
element in π1(E(Kpi)).
(4) Roughly speaking, the generalized torsion element g is “global” as a gener-
alized torsion element, but itself is “local” in the sense that g is conjugate
into an edge group.
Remark 3.5 leads us to ask:
Question 3.6. Let M be a compact orientable irreducible 3–manifold and T a
family of essential tori in M which gives a torus decomposition of M =M1 ∪ · · · ∪
Mn. Suppose that g is a generalized torsion element in π1(M). Then does either
(1) or (2) hold?
(1) g is conjugate to a generalized torsion element in π1(Mi) for some i.
(2) If none of π1(Mi) (1 ≤ i ≤ n) has a generalized torsion element, then g
is conjugate into an edge group π1(T ) for some T ∈ T .
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